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PERIOD INTEGRALS AND HODGE MODULES
LAURE FLAPAN, ROBIN WALTERS, AND XIAOLEI ZHAO
Abstract. We define a map PM attached to any polarized Hodge module M such that the re-
striction of PM to a locus on which M is a variation of Hodge structures induces the usual period
integral pairing for this variation of Hodge structures. In the case that M is the minimal extension
of a simple polarized variation of Hodge structures V , we show that the homotopy image of PM is
the minimal extension of the graph morphism of the usual period integral map for V .
1. Introduction
Classically, the period integrals of a family f : X → B of smooth projective m-dimensional
varieties are obtained by choosing a symplectic basis γ1, . . . , γr of Hm(Xb,Z) valid in some open
neighborhood U ⊂ B of b ∈ B and then computing the values ∫γi ωb where ωb ∈ H0(Xb,Ω1Xb).
In the case that Xb is a smooth algebraic curve, then, via the Torelli theorem, the curve Xb is
exactly determined by the values of its period integrals. More generally, if V is a variation of Hodge
structures of weight w on a complex algebraic variety B one can, as above, define a period pairing
(1) VQ ⊗ FwVC → OB, 〈γ, ω〉 7→
∫
γ
ω.
The asymptotic behavior of the periods as a smooth variety degenerates can sometimes contain
significant information about the degeneration itself and the resulting singular variety. For instance
in the case of a family of smooth algebraic curves Xb degenerating to a singular fiber X0, the limit
of the periods of the Xb as b approaches 0 are the integrals of the normalization of X0. In fact the
singular fiber X0 is completely determined by these limit periods [CMSP03, pg 35–36]. However,
classically there is not a good notion of the periods of singular varieties, making it hard to study
periods of families of projective varieties where not all fibers are smooth.
This stems from the fact that classical Hodge theory, and hence the classical study of periods,
provides a framework within which to study either the cohomology of a family of smooth projective
varieties, which it endows with a variation of Hodge structure, or the cohomology of a single complex
algebraic variety, which it endows with a mixed Hodge structure. Saito’s theory of Hodge modules,
introduced in [Sai88] and [Sai90], provides a framework to study the cohomology of arbitrary
families of complex algebraic varieties, in particular without requiring smoothness of the fibers, by
uniting Hodge theory with the theories of perverse sheaves and D-modules. For an introduction to
Saito’s theory, see for instance [Sch14].
The goal of this paper is to formalize a notion of period integrals for (pure) Hodge modules.
Definition 1.1. If M is a polarized pure Hodge module of weight w on a complex algebraic
variety B of dimension d, the period integral map PM for the polarized Hodge module M is a map
(constructed in Definition 3.2)
PM : K → RHomOB (ω−1B ⊗OB F−wM,OB)[d],
where K is the rational perverse sheaf underlying M and M is the underlying regular holonomic
D-module equipped with filtration F•.
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2 LAURE FLAPAN, ROBIN WALTERS, AND XIAOLEI ZHAO
From this period integral map PM we construct an isomorphism of perverse sheaves
γM : K → L[−1]
through which PM factors, where the perverse sheaf L is the homotopy image of PM , meaning that
L is the mapping cone of the natural map
RHomOB (ω−1B ⊗OB F−wM,OB)[d]→ Cone(PM ).
In order to see that PM together with γM provide the correct generalization of the period pairing
for a polarized variation of Hodge structures V , we consider the pairing (1) as a morphism
PV : V→ HomOB (FwV,OB),
where V is the local system of Q-vector spaces on B underlying V and V = V ⊗Q OB is the
corresponding vector bundle equipped with the Hodge filtration F •. Then since any polarized
variation of Hodge structures V corresponds to a polarized Hodge module MV , we prove
Proposition 4.1. If M = MV is a polarized Hodge module attached to some polarized variation
of Hodge structures V , then PM = PV [d].
Recall that, as proven in [Sai88], any polarized variation of Hodge structures V on an open subset
U ⊂ B of a complex algebraic variety extends uniquely to a polarized Hodge module M on B via
the minimal extension functor j!∗. This minimal extension functor for Hodge modules is compatible
with the minimal extension functors for the underlying perverse sheaves and D-modules.
We thus use Proposition 4.1 in order to prove
Theorem 5.1. Suppose that M ∈ HM(B,w) is a polarized Hodge module on a d-dimensional
complex algebraic variety B such that M = j!∗V for some simple polarized variation of Hodge
structures V on an open subset j : U ↪→ B. Then the isomorphism γM satisfies
γM = j!∗(ΓPV [d]),
where ΓPV [d][d] : V[d]→ V⊕HomOU (FwV,OU )[d] is the graph morphism of the morphism PV [d].
We moreover study some of the properties of the Hodge module period integral map PM . We
prove in Propositions 6.1 and 7.1 that PM behaves well with respect to polarized morphisms and
polarized direct sums respectively and consequently in Corollaries 6.2 and 7.2 respectively that the
same is true for γM .
One of Saito’s fundamental results about Hodge modules is the Structure Theorem [Sai90], which
asserts that any polarized Hodge module can be decomposed as a direct sum of minimal extensions
of variations of Hodge structures. More precisely, if M is a polarized pure Hodge module on a
complex algebraic variety B, then B admits a stratification into locally closed subvarieties Bi such
that
(2) M =
⊕
i
(ji)!∗VBi ,
where VBi is a simple variation of Hodge structures on Bi and ji : Bi ↪→ Bi is the natural inclusion
of Bi into its closure. Thus we deduce
Corollary 7.3. Let B be a complex algebraic variety and M ∈ HM(B,w) a polarizable Hodge
module on B equipped with a decomposition of the form (2) for some stratification B =
⊔
Bi,
where dimBi = di. Then, endowing M with the polarization φM =
⊕
i φMi, where each φMi is a
chosen polarization of the Hodge module Mi = (ji)!∗VBi, we have
γM =
⊕
i
(ji)!∗ΓPVBi [di]
.
Lastly, we examine the period integral map PM in some specific cases where one has additional
information about the weight w Hodge module M and, more importantly, its filtered piece F−wM.
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1.1. The case of a one-dimensional base. The first such instance we explore is the case when
the base B for the Hodge module has dimension 1 and M is the minimal extension of a variation of
Hodge structures V on an open subset U ⊂ B. In this case, the nearby cycles functor ΨfM applied
to M , where f : B → C is some non-constant holomorphic function, coincides with Deligne’s limit
mixed Hodge structure LfV at a point P = f
−1(0). Hence, as we formalize in Proposition 8.1, the
period integral maps on the weight filtration W (Nu)-graded pieces of ΨfM and LfV coincide.
1.1.1. One-dimensional families of curves. In the case that the variation of Hodge structures V
arises from the cohomology of a family X → B of smooth algebraic curves, we then deduce in
Section 8.1 that
P
gr
W (Nu)
1 ΨfM [−1]
=
⊕
i
PH1(Xi),
where the Xi are the irreducible components of the normalization of the singular curve above the
point P ∈ B.
1.1.2. Mildly singular degenerations. Additionally, in the case of a family of smooth varieties on a
one-dimensional base with only mildly singular degenerations, recent results of Kerr–Laza [KL19]
relate the first graded piece of the Hodge filtration on the limit mixed Hodge structure to the
cohomology of the singular fibers. Hence under the hypotheses of Kerr–Laza [KL19, Theorem 1.2],
we combine Proposition 8.1 with the fact, proved in Proposition 6.1, that PM behaves well with
respect to polarized morphisms to conclude in Proposition 8.2 that
P
gr
W (Nu)
`−w+1 i∗M
= P
gr
W (Nu)
`−w+1 ΨfM [−1]
for all ` ∈ Z, where i : P ↪→ B is the natural inclusion.
1.2. Hypersurfaces. The second instance we consider where one has additional information about
the Hodge module M and its filtered piece F−wM is the case when M is the minimal extension of
the variation of Hodge structures arising from the vanishing cohomology of a family of hypersurfaces
on a complex projective space X determined by the choice of an ample line bundle L on X. Such
Hodge modules M were studied in detail by Schnell in [Sch12], who proved that such an M has
the property that F−wM is an ample vector bundle [Sch12, Theorem D (1)]. We thus deduce in
Section 9 that for such a Hodge module M on a d-dimensional base B, the period integral map PM
induces, much as in the variation of Hodge structures case (1), an honest period pairing
K ⊗Q (ω−1B ⊗OB F−wM)→ OB[d].
The image of this pairing then consists precisely of the period integrals of the hypersurfaces in X.
In [HLZ16, Theorem 1.4], Huang–Lian–Zhu prove, under the additional assumption that X
is a homogenenous space of a semisimple group, that the period integrals of the smooth such
hypersurfaces can be characterized as the solution space of a particular D-module. Our morphism
of perverse sheaves γM : K → L[−1] provides a characterization of the period integrals of all such
hypersurfaces. Under the Riemann–Hilbert correspondence between perverse sheaves and regular
holonomic D-modules, there should exist a D-module whose solutions yield exactly this perverse
sheaf L[−1]. It would be interesting to relate this D-module to the one constructed by Huang–
Lian–Zhu.
1.3. Structure of the paper. The structure of the paper is as follows.
In Section 2, we detail the definition of period integrals for variations of Hodge structures to
make it most easily generalizable to the Hodge module setting. In doing so, we define the period
integral map PV for polarized variations of Hodge structures V . Then in Section 3, we detail our
definition (Definition 3.2) of the period integral map PM for polarized Hodge modules M .
In Section 4, we examine the case that M corresponds to a variation of Hodge structures V ,
proving in Proposition 4.1 that in this case PM = PV [d]. Section 5 then focuses on the case that
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M is the minimal extension of a variation of Hodge structures V . Theorem 5.1 proves that, in this
case, the morphism γM obtained from the period integral map PM is the minimal extension functor
applied to the graph morphism of the variation of Hodge structure period integral map PV , shifted
by d the dimension of the base.
Sections 6 and 7 develop some of the properties of the period integral map PM . In particular,
Proposition 6.1 establishes the interaction between the period integral map for Hodge modules and
polarized morphisms of Hodge modules. Proposition 7.1 shows that PM behaves well with respect
to polarized direct sums. From these, Corollary 7.3 relates PM to Saito’s Structure Theorem for
pure Hodge modules.
Lastly, Sections 8 and 9 detail the examples of one-dimensional families and families of hyper-
surfaces respectively discussed above. In particular, Section 8.1 examines one-dimensional families
of algebraic curves. Section 8.2 examines one-dimensional families of projective varieties that have
mildly singular degenerations, with Proposition 8.2 providing the application of Kerr–Laza’s results
in [KL19] to our setting.
2. Period integrals for variations of Hodge structures
Recall that a polarized variation of Hodge structures V = (V,∇, F •V,V, Q) of pure weight w on
a complex manifold U of dimension d consists of the data:
(1) a holomorphic vector bundle V equipped with a flat connection ∇,
(2) a Hodge filtration F •V by holomorphic sub-bundles,
(3) a local system V of finite-dimensional Q-vector spaces,
(4) a bilinear form Q : V⊗Q V→ Q(−w), where Q(−w) = 2pii ·Q ⊂ C.
The above are related by V⊗QOU = V and V⊗QC = V∇, where Γ(U,V∇) = {v ∈ Γ(U,V) | ∇v = 0}.
A variation of polarized Hodge structures V = (V,∇, F •V,V, Q) has the property that for every
u ∈ U , the Q-vector space Vu together with the filtration F •Vu define a Q-Hodge structure polarized
by the bilinear form Qu.
So let V = (V,∇, F •V,V, Q) be a variation of Hodge structures of pure weight w on a complex
manifold U of dimension d. Note that we may view the polarization Q as a map
Q : V→ V∨(−w),
where V∨ denotes the local system dual to V. Let QOU : V → HomOU (V,OU ) denote the extension
of Q to V⊗Q OU = V.
Now note that the embedding Q ↪→ C induces an inclusion
(3) s : V = V⊗Q Q ↪→ V⊗Q C = V∇.
Additionally consider the canonical inclusions
(4) t : V∇ → V
(5) i : FwV ↪→ V.
Definition 2.1. The period integral map PV for the polarized variation of Hodge structures V is
the composition
V s↪−→ V∇ t↪−→ V QOU−−−→ HomOU (V,OU ) i
∨−→ HomOU (FwV,OU ).
We define the period integral pairing for V to be the induced pairing
V⊗Q FwV → OU .
Observe that this period integral pairing for V indeed recovers the pairing
VQ ⊗ FwVC → OB, 〈γ, ω〉 7→
∫
γ
ω
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introduced in 1 in the introduction.
3. Period integrals for Hodge modules
The goal of this section will be to define a period integral map for polarized Hodge modules
analogous to the period integral map PV for polarized varations of Hodge structures introduced in
Section 2.
Recall that a polarized pure Hodge module M = (M, F•M,K, φ) of weight w on a complex
algebraic variety B of dimension d consists of the data:
(1) a perverse sheaf K over QB,
(2) a regular holonomic right DX -module M with an isomorphism
K ⊗Q C ∼= DR(M),
(3) A good filtration F•M by OB-coherent subsheaves of M such that
FpM · FkD ⊂ Fp+kM
and such that the graded pieces grF•M are coherent over grF• D,
(4) A morphism φ : K(w) → DK extending to an isomorphism M(w) → DM , where DK =
RHom(K,QB(d))[2d] denotes the Verdier dual of the perverse sheaf K.
The properties that the above data need to satisfy in order for M = (M, F•M,K, φ) to actually
be a polarized Hodge module can be found in [Sch14, Definition 12.5].
We will begin by introducing a bit of notation. Let For denote the forgetful functor from the
derived category of DB-modules to the derived category of OB-modules.
Let us define another functor H from the derived category of OB-modules to itself given by
H(−) = RHomOB (ω−1B ⊗OB −,OB).
Therefore the composition H ◦ For is a functor from the derived category of DB-modules to the
derived category of OB-modules.
Define the Sol functor for right DB-modules but with values in the left DB-module OB by
Sol(−) = RHomDB (ω−1B ⊗OB −,OB).
This functor Sol is a functor from the derived category of right DB-modules to the derived category
of OB-modules.
Lemma 3.1. There is a natural transformation η from the functor Sol to H ◦ For such that for
any DB-module N the map
ηN : RHomDB (ω−1B ⊗OB N ,OB)→ RHomOB (For(ω−1B ⊗OB N ),OB)
is a natural transformation.
Proof. For a DB-module N we define ηN as follows. Let (A•, d•) be a projective resolution of
ω−1B ⊗OB N . Since DB is free over OB, this is also a projective resolution of ω−1B ⊗OB N as an
OB-module. Then define ηN in degree i
ηi : HomDB (Ai,OB)→ HomOB (For(Ai),OB)
to be the natural inclusion of the set of DB-linear maps into the set of OB-linear maps.
The differentials HomDB (di,OB) = d∗i and HomOB (di,OB) = d∗i are both given by precomposi-
tion with di. Thus for α a local section of HomDB (Ai,OB),
(6) (ηi+1 ◦ d∗i+1)(α) = α ◦ di+1 = (d∗i+1 ◦ ηi)(α),
which shows that ηN is a chain map. A similar equation shows that ηN is well-defined up to
quasi-isomorphism.
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We now show η is natural. Let f : N1 → N2 be a morphism of DB-modules. Let A• and B• be
projective resolutions of of N1 and N2 respectively. Denote the map induced by f on the resolutions
by fi : Ai → Bi. Similar to before, both maps HomDB (fi,OB) = f∗i and HomOB (fi,OB) = f∗i are
given by precomposition and thus
HomDB (Ai,OB) HomDB (Bi,OB)
HomOB (Ai,OB) HomOB (Bi,OB).
ηN1 ηN2
f∗i
f∗i
is commutative. Hence η is natural.

In what follows, we will abuse notation and omit the notation For for the forgetful functor, using
N to denote both the DB-module and the underlying OB-module.
The de Rham functor from the derived category of right DB-modules to the perverse sheaves is
defined by
DR(•) = • ⊗LDB OB.
Let ΘB be the tangent bundle of B. The Spencer complex Sp
i = DB ⊗OB ∧−iΘB is a resolution
of OB as a left DB-module in degrees −d ≤ i ≤ 0. Using this we can write DR(M) for a right
DB-module M as
DR(M) = [M⊗OB ∧nΘB → . . .→M⊗OB ∧1ΘB →M]
where the rightmost term is in degree 0.
Consider moreover the dualizing functor on right DB-modules
D(M) = RHomDB (M, ωB ⊗OB DB)[d].
In the case of a filtered regular holonomic DB-module M, the Spencer complex DR(M) is a
perverse sheaf. In this case, there is then an isomorphism [HTT08, Propsition 4.2.1]
(7) DR(M) ∼= Sol(DM)[d]
as well as isomorphisms [HTT08, Proposition 4.7.9]
(8) Sol(DM)[d] ∼= D(Sol(M)[d]),
(9) DR(DM) ∼= D(DR(M))
where D(−) denotes Verdier duality. Combining (7) and (8) and taking the Verdier dual of both
sides yields
D(DR(M)) ∼= Sol(M)[d].
Combining this with (9) yields an isomorphism
(10) DR(DM) ∼= Sol(M)[d].
Let M = (M, F•M,K, φ) be a pure Hodge module of weight w with polarization φ on a complex
algebraic variety B of dimension d. Recall that φ induces an isomorphism
M(w)
∼−→ DM.
In particular, we have a morphism
ϕ : M(w)→ DM
with the property DR(ϕ) = φC, where φC denotes the extension of the polarization φ to K⊗QC =
DR(M).
Applying the isomorphism (10) to DR(ϕ) = φC, we obtain
φC : : DR(M)→ Sol(M)[d].
PERIOD INTEGRALS AND HODGE MODULES 7
Then letting ι : F−wM ↪→M denote the natural inclusion of OB-modules and σ : K ↪→ DR(M)
the inclusion induced by the canonical embedding Q ↪→ C, we define
Definition 3.2. The period integral map PM for a polarized Hodge module M is the composition
(11) K
σ
↪−→DR(M) φC−→Sol(M)[d] ηM[d]↪−−−→RHomOB (ω−1B ⊗OBM,OB)[d]
H(ι)[d]−−−−→RHomOB (ω−1B ⊗OBF−wM,OB)[d].
4. The map PM in the VHS case
For any polarized variation of Hodge structures V = (V,∇, F •V,V, Q) of weight w on a complex
algebraic variety of dimension d, one can associate a Hodge module MV = (M, F•M,K, φ) of
weight w + d by defining
(1) the perverse sheaf K = V[d],
(2) the DB-module M = ωB ⊗OB V,
(3) the filtration FpM = ωB ⊗OB F−p−dV,
(4) the polarization φ : K(w + d)→ DK induced by Q : V(w)→ V∨.
Hence if M = MV is a polarized Hodge module attached to some polarized variation of Hodge
structures V , then there is a period integral map PM for the Hodge module M as well as a period
integral map PV for the variation of Hodge structures V .
Proposition 4.1. If M = MV is a polarized Hodge module attached to some polarized variation
of Hodge structures V , then PM = PV [d].
Proof. Suppose that M = MV is a polarized Hodge module attached to some polarized variation
of Hodge structures V . Note that in the case M = MV , we have K ⊗Q C = V[d] ⊗Q C = V∇[d].
Hence we know DR(M) ∼= V∇[d]. It follows that the inclusion σ : K ↪→ DR(M) induced by the
canonical embedding Q ↪→ C is in fact
(12) s[d] : V[d] ↪→ V∇[d],
where s is the inclusion introduced in (3) in Section 2.
Additionally, the polarization φ of M is just Q[d], where Q is the polarization of V . Hence
φC=QC[d], whereQC[d] denotes the extension ofQ to V[d]⊗QC ∼= V∇[d]. So the map φC : DR(M)→
Sol(M)[d] becomes
QC[d] : V∇[d]→ Sol(M)[d].
Since M = ωB ⊗OB V, we have
Sol(M) = RHomDB (ω−1B ⊗OB ωB ⊗OB V,OB) = HomDB (V,OB).
So, in fact, we may write the map φC as
(13) QC[d] : V∇[d]→ HomDB (V,OB)[d].
Similarly, using the definition of the natural transformation ηM from the proof of Lemma 3.1,
the substitution V = ω−1B ⊗OBM yields that ηM is just the natural inclusion
(14) HomDB (V,OB)[d] ↪→ HomOB (V,OB)[d].
Similarly substituting V = ω−1B ⊗OBM yields that the map
H(ι)[d] : RHomOB (ω−1B ⊗OBM,OB)[d]
H(ι)−−−→ RHomOB (ω−1B ⊗OB F−w−dM,OB)[d]
is just
(15) i∨[d] : HomOB (V,OB)[d]→ HomOB (FwV,OB)[d],
where i : FwV ↪→ V is the natural inclusion (5) in Section 2.
8 LAURE FLAPAN, ROBIN WALTERS, AND XIAOLEI ZHAO
Hence by combining (12), (13),(14), and (15), we obtain that in the case M = MV , the map PM
is given by the composition
V[d]
s[d]
↪−−→ V∇[d] QC[d]−−−→ HomDB (V,OB)[d]
ηM[d]
↪−−−→ HomOB (V,OB)[d]
i∨[d]−−−→ HomOB (FwV,OB)[d].
For comparison, as established in Definition 2.1, the period integral map PV with the shift [d] is
the composition
V[d]
s[d]
↪−−→ V∇[d] t[d]↪−−→ V[d] QOB [d]−−−−→ HomOB (V,OB)[d]
i∨[d]−−−→ HomOB (FwV,OB)[d].
Thus to show that PM = PV [d] we just need to show that the following diagram commutes
(16)
V∇ HomDB (V,OB)
V HomOB (V,OB).
QC
t ηM
QOB
Observe that the OB-module HomOB (V,OB) is a left DB-module, where the action of DB on a
local section f of HomOB (V,OB) is given by
(∂f)(v) = ∂(f(v))− f(∂v).
Thus let
HomOB (V,OB)∇ = {f ∈ HomOB (V,OB) | ∂f = 0}.
So then f ∈ HomOB (V,OB)∇ if and only if (∂f)(v) = f(∂v) for all v ∈ V. In other words
HomOB (V,OB)∇ = HomDB (V,OB).
So then Diagram (16) is just the diagram
(17)
V∇ HomOB (V,OB)∇
V HomOB (V,OB),
QC
t u
QOB
where t and u are the natural inclusions. Since ϕOU is a DB-module homomorphism, it follows that
it induces a homomorphism ϕ∇ = QC on flat sections. The commutativity of ϕ∇ with the natural
inclusions then follows. 
5. The map PM and minimal extension
Suppose that U ⊂ B is an open subset of a complex algebraic variety B and consider the inclusion
j : U ↪→ B. Let V be a polarized variation of Hodge structures on U . Then recall, as proven in
[Sai88], that the minimal extension functor j!∗ sends the polarized variation of Hodge structure
V to a uniquely defined polarized Hodge module M on B such that the restriction of M to U
is the polarized Hodge module MV . The DB-module M underlying this Hodge module M is the
minimal extension j!∗V of the vector bundle with connection (V,∇) underlying the variation of
Hodge structures V .
In order to relate the minimal extension functor for Hodge modules to the map PM , note that
for any polarized Hodge module M on B, the resulting map PM is a morphism in the category
Db(QB), the derived category of the category of sheaves of Q-vector spaces on B. This derived
category Db(QB) is triangulated, hence it follows that the morphism PM yields a distinguished
triangle in Db(QB) given by
(18) K
PM−−→ RHomOB (ω−1B ⊗OB F−wM,OB)[d]→ ConePM → K[1].
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Let L be the homotopy image of PM in Db(QB), meaning that L is the cone of the morphism
RHomOB (ω−1B ⊗OB F−wM,OB)[d]→ ConePM .
Hence L fits into another distinguished triangle in Db(QB) given by
(19)
RHomOB (ω−1B ⊗OB F−wM,OB)[d]→ ConePM → L→ RHomOB (ω−1B ⊗OB F−wM,OB)[d+ 1].
From the identifications of the terms in the distinguished triangles (18) and (19), it follows that
the morphism PM factors through an isomorphism
γM : K → L[−1].
In particular, the object L of Db(QB) is a perverse sheaf. Since the category of perverse sheaves
Perv(QB) is a full subcategory of Db(QB) it follows that γM is a morphism in the category
Perv(QB).
Theorem 5.1. Suppose that M ∈ HM(B,w) is a polarized Hodge module on a d-dimensional
complex algebraic variety B such that M = j!∗V for some simple polarized variation of Hodge
structures V on an open subset j : U ↪→ B. Then the isomorphism γM satisfies
γM = j!∗(ΓPV [d]),
where ΓPV [d][d] : V[d]→ V⊕HomOU (FwV,OU )[d] is the graph morphism of the morphism PV [d].
Proof. Let us write V = (V,∇, F •V,V, Q) and M = (M, F•M,K, φ). Recall that the Hodge
module MV associated to V is given by
MV = (ωB ⊗OB V, FpMV = ωB ⊗OB F−p−dV,V[d], Q).
Then since M = j!∗V , we know in particular that K = j!∗(V[d]). Hence both γM and j!∗(ΓPV [d])
are morphisms of perverse sheaves with domain the perverse sheaf K.
Note that the minimal extension to B of a simple local system L on U ⊂ B is characterized by
the property that it is the unique simple perverse sheaf on B restricting to L on U ([BBDG18]).
Since V is simple as a Q-local system, it follows that K is simple as a perverse sheaf. Hence both
the perverse sheaf L and the image of j!∗(ΓPV [d]) are simple as perverse sheaves.
Now let us consider the restriction of the morphism γM to the open set U ⊂ B. It follows from
Proposition 4.1 that restricted to U , the morphism PM is just the morphism of Q-local systems
PV [d] : V[d]→ HomOU (ω−1U ⊗OU FwV,OU )[d].
Hence after restricting to U , the distinguished triangle (18) is the complex of Q-local systems
(20)
0 0 0 0
0 0 V V deg = −d− 1
V HomOU (FwV,OU ) HomOU (FwV,OU ) 0 deg = −d
0 0 0 0.
PV
Id
PV Id
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Similarly, after restricting to U , the distinguished triangle (19) is the complex
(21)
0 0 0 0
0 V V⊕HomOU (FwV,OU ) HomOU (FwV,OU )
HomOU (FwV,OU ) HomOU (FwV,OU ) HomOU (FwV,OU ) 0
0 0 0 0,
PV
Id Id
also in degrees −d− 1 and −d.
A diagram chase then reveals that the morphism γM |U : K|U → L[−1]|U is the morphism of
complexes of Q-local systems which is 0 in every degree except degree −d, where it is the graph
morphism ΓPV [d]. Indeed, from diagram (20), the morphism
Cone(PV [d])[−1]→ K
is the identity on V in degree −d and is 0 in every other degree. From Diagram (21), the morphism
Cone(PV [d])[−1]→ L[−1]
is just the inclusion V ↪→ V⊕HomOU (FwV,OU ) in degree −d, is the identity on HomOU (FwV,OU )
in degree −d + 1, and is 0 in all other degrees. From the fact that γM fits into the commutative
square
Cone(PV [d])[−1] K
Cone(PV [d])[−1] L[−1],
γM
it follows γM |U is zero in all degrees except −d and in degree −d is given by v 7→ (v,PV (v)) for all
v ∈ V.
Hence we have established that γM is a morphism of simple perverse sheaves whose restriction
to U is the morphism ΓPV [d], which is a morphism of simple local systems. It follows that γM =
j!∗(ΓPV [d]).

6. Naturality of PM for polarized morphism
Recall that we used the notation H for the functor on the derived category of OB-modules
H(−) = RHomOB (ω−1B ⊗OB −,OB).
We will denote by HF−w the functor on the derived category of OB-modules given by
HF−w(−) = RHomOB (ω−1B ⊗OB F−w−,OB).
Recall from the definition of PM , that for a Hodge module M = (M, F•M,K) we use the notation
ι for the natural inclusion of OB-modules ι : F−wM ↪→M.
Proposition 6.1. If f : M1 →M2 is a morphism of polarized Hodge modules on a complex manifold
B, then the following diagram commutes
(22)
K1 K2
RHomOB (ω−1B ⊗OB F−wM1,OB)[d] RHomOB (ω−1B ⊗OB F−wM2,OB)[d].
fK
PM1 PM2
HF−w(ι)
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Proof. Write M1 = (M1, F•M1,K1, φ1) and M2 = (M2, F•M2,K2, φ2). Since f is a morphism of
polarized Hodge modules, we have the equality
φ1 = D(f) ◦ φ2 ◦ f
and the following diagram commutes
K1 DR(M1) RHomD(ω−1B ⊗OBM1,OB)[d]
K2 DR(M2) RHomD(ω−1B ⊗OBM2,OB)[d].
σ1
fK
φ1,C
DR(fM)
σ2 φ2,C
DR(D(fM))
Moreover by Lemma 3.1, we know η is a a natural transformation from the functor Sol to H ◦F ,
so the following square commutes
RHomD(ω−1B ⊗OBM1,O)[d] RHomOB (ω−1B ⊗OBM1,OB)[d]
RHomD(ω−1B ⊗OBM2,O)[d] RHomOB (ω−1B ⊗OBM2,O)[d].
ηM1
ηM2
DR(D(fM )) RHomOB (fM ,OB)
Lastly the morphism f must behave compatibly with the filtrations on M1 and M2. In par-
ticular, we have fM(F−wM1) ⊂ F−wM2. Combining this fact with the above two commutative
diagrams yields the commutativity of the following diagram
K1 DR(M1) RHomDB (ω−1B ⊗OBM1,OB)[d] RHomOB (ω−1B ⊗OBM1,OB)[d] RHomOB (ω−1B ⊗OB F−wM,OB)[d]
K2 DR(M2) RHomDB (ω−1B ⊗OBM2,OB)[d] RHomOB (ω−1B ⊗OBM2,OB)[d] RHomOB (ω−1B ⊗OB F−wM2,OB)[d].
σ1
fK
φ1,C
DR(fM)
ηM1 H(iM1 )
σ2 φ2,C ηM2
DR(D(fM))
H(iM2 )
RHomOB (fM,OB) RHomOB (fM◦ι,OB)
The top row of the diagram is PM1 and the bottom row is PM2 . Hence we indeed have
PM1 = RHomOB (fM ◦ ι,OB) ◦ PM2 ◦ fK .

Recall that for any polarized Hodge module M = (M, F•M,K, φ), the period integral map PM
factors through the isomorphism of perverse sheaves γM : K → L[−1] defined in Section 5.
Corollary 6.2. If f : M1 →M2 is a morphism of polarized Hodge modules on a complex manifold
B, then the following diagram commutes
(23)
L1 L2
RHomOB (ω−1B ⊗OB F−wM1,OB)[d+ 1] RHomOB (ω−1B ⊗OB F−wM2,OB)[d+ 1],
γM2◦fK◦γ−1M1
piM1 piM2
HF−w(ι)
where piM1 and piM2 are maps satisfying piM1 ◦ γM1 = PM1 and piM2 ◦ γM2 = PM2.
Proof. By Proposition 6.1, we know piM1 ◦ γM1 = HF−w(ι) ◦ piM2 ◦ γM2 ◦ fK . Precomposing both
sides with the isomorphism γ−1M1 then yields the result. 
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7. The structure of PM
The Structure Theorem for polarized Hodge modules, as proved in [Sai90], describes how any
polarized Hodge module M can be decomposed as a direct sum of minimal extensions of variations
of polarized Hodge structures. In order to relate this to the structure of the period integral map
PM , we begin by observing that PM behaves well under direct sums.
Proposition 7.1. Let M ∈ HM(B,w) be a polarized Hodge module on a complex algebraic variety
B such that M decomposes as a polarized direct sum M =
⊕
iMi. Then the period integral map
for M decomposes as
PM =
⊕
i
PMi .
Proof. Note that the decomposition M =
⊕
iMi induces a decomposition
(24)
RHomOB (ω−1B ⊗OB F−w(
⊕
i
Mi),OB)[d] ∼= RHomOB (ω−1B ⊗OB
⊕
i
F−wMi),OB)[d]
∼= RHomOB (
⊕
i
(ω−1B ⊗OB F−wMi),OB)[d]
∼=
⊕
i
RHomOB (ω−1B ⊗OB F−wMi,OB)[d].
In particular, it follows from Proposition 6.1 that all of the PMi may be computed via the inclusions
Mi ↪→M .
In fact, one may verify using (24) that under the assumption that φM =
⊕
i φMi all of the
maps in (11) which form the composition PM are compatible with the decomposition M =
⊕
iMi.
That is PM |Ki maps to RHomOB (ω−1B ⊗OB F−wMi,OB)[d] and coincides with PMi . Since PM is a
morphism in the derived categoryDb(QB), which has direct sums, it follows that PM =
⊕
i PMi . 
We obtain the following immediate consequence of Proposition 7.1 together with Corollary 6.2.
Corollary 7.2. Let M ∈ HM(B,w) be a polarized Hodge module on a complex algebraic variety
B such that M decomposes as a polarized direct sum M =
⊕
iMi. Letting γMi : Ki → Li[−1] be
isomorphisms constructed as in Section 5, then PM factors through the isomorphism of perverse
sheaves γM =
⊕
i γMi.
Saito’s Structure Theorem for polarized Hodge modules [Sai90] asserts that if B is a complex
algebraic variety, then every Hodge module M ∈ HM(B,w) decomposes as a direct sum
M =
⊕
Z⊂B
MZ ,
where MZ is a polarizable Hodge module of weight w − dimZ with strict support Z obtained as
MZ = j!∗VZ , where VZ is a polarized variation of Hodge structures on some open subset j : U ↪→ Z
contained in the smooth locus of Z.
In particular, there exists a stratification B =
⊔
Bi of B into locally closed subvarieties such
that
(25) M =
⊕
i
Mi,
where each Mi = (ji)!∗VBi for VBi a simple variation of Hodge structures on Bi and ji : Bi ↪→ Bi.
Corollary 7.3. Let B be a complex algebraic variety and M ∈ HM(B,w) a polarizable Hodge
module on B equipped with a decomposition of the form (2) for some stratification B =
⊔
Bi,
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where dimBi = di. Then, endowing M with the polarization φM =
⊕
i φMi, where each φMi is a
chosen polarization of the Hodge module Mi = (ji)!∗VBi, we have
γM =
⊕
i
(ji)!∗ΓPVBi [di]
.
Proof. This immediately follows from Theorem 5.1 applied to Corollary 7.2. 
8. Example: The case when dimB = 1
In this section, we focus our attention on the case of a polarized Hodge moduleM = (M, F•M,K, φ)
over a 1-dimensional complex algebraic variety B. We consider the Hodge module M locally on a
disk ∆ ⊂ B. Let f : ∆→ C be a non-constant holomorphic function such that f−1(0) = {0} ∈ ∆.
Recall that one may then apply the nearby cycles functor Ψf for f to the Hodge module M
to obtain a mixed Hodge module ΨfM supported at the point {0} whose underlying perverse
sheaf and D-module arise as the nearby cycles functor applied to the perverse sheaf and D-module
underlying the Hodge module M . See [Sch14, Section 8], for instance, for more on this construction.
Let T be the monodromy operator which acts on ΨfM . Then the logarithm of the unipotent
part of the monodromy Nu =
1
2piiTu yields a a nilpotent endomorphism (up to Tate twist) of ΨfM .
Hence Nu induces a weight filtration W (Nu) of ΨfM such that for any ` ∈ Z, the graded pieces
gr
W (Nu)
`−w+1 ΨfM [−1] are pure Hodge modules supported at {0}.
Proposition 8.1. Suppose that M is a polarized Hodge module on a disk ∆ ⊂ B such that M is
the minimal extension of a polarized variation of Hodge structures V on ∆∗. Then for every ` ∈ Z
and non-constant holomorphic function f : ∆→ C such that f−1(0) = {0},
P
gr
W (Nu)
`−w+1 ΨfM [−1]
= P
gr
W (Nu)
`−w+1 LfV
,
where LfV denotes the limit mixed Hodge structure in the sense of Deligne for the variation of
Hodge structures V .
Proof. Note that since the graded pieces gr
W (Nu)
`−w+1 ΨfM are all pure Hodge modules supported on
a point, they must correspond to Hodge structures. Moreover, by design, the filtrations on ΨfM
guarantee that the mixed Hodge structure corresponding to ΨfM is exactly Deligne’s limit mixed
Hodge structure LfV . Since the W (Nu)-graded pieces of LfV are polarized pure Hodge structures,
the result then follows from Proposition 4.1. 
8.1. Example: the case of a family of curves. We follow here the exposition of [Hai03, Section
5.4] to recall some additional information in the case of a family of curves. Suppose that C → ∆ is
a stable degeneration of a family of smooth algebraic curves of genus g such that C is smooth and
all fibers Ct are smooth for t 6= 0. Then the central fiber C0 is reduced and stable, meaning C0 has
finite automorphism group.
Consider the polarized variation of Hodge structures V on ∆∗ given by t 7→ H1(Ct,Q) and, fixing
a non-constant holomorphic function f : ∆→ C such that f−1(0) = {0}, let LfV denote the limit
mixed Hodge structure at {0}. Then the monodromy weight filtration on LfV has length 3 and
F 0LfV = LfV, F
2LfV = 0.
Hence
gr
W (Nu)
` LfV
is a polarized Hodge structure of type (0, 0) when ` = 0, of type (1, 1) when ` = 2, and of type
(1, 0), (0, 1) when ` = 1.
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Moreover, if C˜0 is the normalization of C0 with decomposition into irreducible components
C˜0 =
⋃
iXi, there is a natural isomorphism of polarized Hodge structures
gr
W (Nu)
1 LfV
∼= H1(C˜0) ∼=
⊕
i
H1(Xi).
Hence, using Proposition 8.1 together with Proposition 4.1, the period integrals of the Hodge
module M given by the minimal extension of V at the point {0} are given by
P
gr
W (Nu)
1 ΨfM [−1]
=
⊕
i
PH1(Xi).
8.2. Example: mildly singular degenerations. In the case of a 1-dimensional family of smooth
projective varieties degenerating to a mildly singular variety, recent results of Kerr–Laza [KL19]
yield the following.
Proposition 8.2. Let σ : X → ∆ be a flat projective family of n-dimensional varieties over the
disk, which is the restriction of an algebraic family over a curve B, such that f is smooth over ∆∗.
Suppose that X is normal and Q-Gorenstein and that the special fiber X0 = σ−1(0) is reduced and
semi-log canonical (slc). Let M be the polarized Hodge module on B obtained locally on ∆ as the
minimal extension of the polarized variation of Hodge structures V on ∆∗ given by Vt = Hn(Xt,Q).
If i : {0} → ∆ is the natural inclusion and f : ∆ → C is a non-constant holomorphic function
such that f−1(0) = {0}, then for all ` ∈ Z the periods of the special fiber X0 may be recovered as
P
gr
W (Nu)
`−w+1 i∗M
= P
gr
W (Nu)
`−w+1 ΨfM [−1]
.
Proof. It follows from [KL19, Theorem 1.2] that under the given hypotheses we have an isomorphism
of Hodge structures
gr0F H
n(X0,Q) ∼= gr0F LfV,
where LfV denotes the limit mixed Hodge structure. Furthermore, using the compatibility between
the weight and Hodge filtrations for the above mixed Hodge structures, we get that for any ` ∈ Z
the relation on both Hn(X0,Q) and LfV
(26)
gr
W (Nu)
` gr
0
F = gr
0
F gr
W (Nu)
`
∼= Fn grW (Nu)` ,
where the second isomorphism is obtained via complex conjugation. Namely, we have for any ` ∈ Z
Fn gr
W (Nu)
` H
n(X0,Q) ∼= Fn grW (Nu)` LfV.
Passing to the corresponding polarized Hodge modules, we get
(27) F−n gr
W (Nu)
` i
∗M ∼= F−n grW (Nu)` ΨfM,
where recall that the Hodge module M has weight n+ 1.
Recall, moreover, that for any ` ∈ Z, there is a polarized inclusion of pure Hodge modules
gr
W (Nu)
` i
∗M [−1] ↪→ grW (Nu)` ΨfM [−1],
where the shift by [−1] is included to ensure perversity of the underlying rational structure. Then
Proposition 6.1 applied to this inclusion together with the isomorphism (27) implies the result.

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9. Example: Hypersurfaces
Let X be a complex projective space of dimension n and fix an ample line bundle OX(1) on X
with the property that Hq(X,ΩpX(k)) = 0 for every p ≥ 0 and every q, k > 0. Consider the family
of hypersurfaces in X determined by the d-dimensional the linear system B = |OX(1)|.
Let X ⊂ X ×B denote the incidence variety and consider the projection map pi : X → B. We
may then consider the projection map pism : X sm → Bsm given by restricting pi to the open subset
Bsm over which pi is smooth.
Recall that if D ⊂ X is a smooth hypersurface, the vanishing cohomology is
Hn−1ev (D,Q) = ker(i∗ : Hn−1(D,Q)→ Hn+1(X,Q)),
where i∗ is the Gysin map for the inclusion i : D ↪→ X. We thus consider the variation of Hodge
structures on Bsm defined by the Q-local system
V = Rn−1ev pism∗ Q = ker(Rn−1ev pism∗ Q→ Hn+1(X,Q)),
whose fibers on points b ∈ Bsm are Hn−1ev (pi−1(b),Q).
Let M = (M, F•M,K, φ) be the polarized Hodge module on B which is the minimal extension
of V. Then it follows from [Sch12, Theorem D (1)] that the filtered piece F−wM of the DB-module
M is an ample vector bundle. In particular, we have an identification by taking cohomology
RHomO(ω−1B ⊗OB F−wM,OB)[d] ∼= HomO(ω−1B ⊗OB F−wM,OB)[d].
Hence the period integral map PM is in fact just of the form
PM : K → HomO(ω−1B ⊗OB F−wM,OB)[d].
Therefore PM induces, as in the Hodge structure case, a period pairing
K ⊗Q (ω−1B ⊗OB F−wM)→ OB[d]
whose image encodes the period integrals for the entire family of hypersurfaces determined by
|OX(1)|, not just the smooth ones.
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